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The solvability of the nonlinear problem for an elastic shallow shell was investigated in
[11(*). The equations of nonshallow shells have certain special features and therefore
require mathematical justification, The solvability of the general problem of a closed
circular cylindrical shell in nonlinear formulation is the subject of [2]. In the present
paper the procedure of [2] is extended to the case of an arbitrarily fastened anisotropic
laminar shell of arbitrary configuration acted on by a general load and temperature field.
The method consists in extending the coercivity inequality obtained for a regular piece
of the shell to a piecewise-regular shell, The possibility of this extension implies the
applicability of the Leray-Schauder principle, the existence of a generalized solution,
the applicability of projective methods, etc, The conclusions remain valid even if a
different (linear, nonlinear) calculation theory is applied over each piece of the shell,
The author is grateful to I, 1, Vorovich for supervising the present study,

1. Notation, Basic relations, Letthe coordinate surface ¢ of the shell be
defined by the equation {we use the notation of [3]) and let the follow-
ing conditions be fulfilled:

1) the above equation defines a one-to-one mapping of the surface O onto some
bounded domain @ in the plane ¢, oy with the boundary I';

2) @y, &y is an orthogonal curvilinear coordinate system and <M, L4, < my
(i=1,2)

3) G consists of a finite number of starlike domains [4]; T consists of a finite
number of closed contours;

4y o= Wy’ (p > 1), i.e. the function r (a, ¢y) has in @ all generalized
derivatives of up to third order, inclusively, summable in some power p;

5y I' < JI, (m, U),1.e, to a Liapunov class (**),

Medium deflection is characterized by the fact that the elongations, shear strains, and
squares of the angles of rotation are negligible compared with unity [3, 5]. Under these
assumptions the general formulas of [3] yield the following deformations relations:

26 = e -+ gy + €38is, = AUk + (— 1) (A145) Ay, + g

e = A wy — kyuy — kyu,

Ry = — ATl e — (— 1) (A1 45) 45 005 + Kip e +- (1.1)

*) See also I, I, Vorovich's doctoral thesis,
** Editorial Note, Cyrillic symbol JI is obviously derived from Liapunov ( JIanymos ).
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As we know, the theory of shells does not provide us with a general definition of bend-
ing strain components in the general case,This means that other expressions for %;, are
possible within the error bracket admissible in shell theory, Thus, the author of [5] takes

2
g = D) [— A ey + (A340) M g + kyey + kueyneys + kel (1.2)
i=1
instead of (1.1).

Some remarks should be made concerning notation, As a rule, we will denote a six-
or three-component vector and its components by the same letter, A three-component
vector will be defined by its projections on the unit vectors €;,@,,m or, if it is accom-
panied by the degree symbol, by its projections on the orthogonal unit vectors n,, Iz, D,
where B, = m, n, is the exterior normal to I',and n;is the vector tangent to I'. The
domain of integration will be indicated in the differential appearing in the integrand,

We shall also use the following abbreviations:

M = (€13, €23, — 2), § = (13, €23, 0), o = (uy, Uy, w)
3

<8,b,...,h)=2a‘bi.. h,‘
i=1
TWINT =Tk, dyy = (drls, dras, d13))
PO == (TO, So» No)a Plo = (Tlov Sloy Nlo)
Z1=(X,Y,2), Z,=1(0,0,%)

and componentwise vector multiplication,
c=ab, C,‘——_—'aib‘ (i=1,...,l;l=3,6)

It will be convenient for us to deviate from the symbols used to denote strains and
forces in [3],
& = €, &y = 283, €3 = €33, & = %, 8 = W12, & = U

S, =Ty, S;= Ty, Ss =Ty, 8 = My, Sa = ZMIZ’ Se = My,

The general elasticity relations for anisotropic laminar shells with allowance for ther-
mal expansion astez Be—t, t= (bf)‘) n b,(,)‘)) T, 4 (b?) 4 b?)) T, (1.3)

Here B is the positive-definite rigidity matrix whose coefficients are expressible in
terms of the layer characteristics by means of formulas (8, 3)~(8. 5) of [6]; b{® (i =
=1, 8, 4, 6) is the ith column of the matrix B™ whose coefficients can be deter-
mined from the same formulas as in the case of the matrix B by replacing Bj,* in for-
mulas (8, 3)~(8. 5) of [6] by A,Bj* (A, is the coefficient of thermal expansion of the
sth layer); T',is the temperature of the coordinate surface; T, is the temperature gra-
dient,

It is convenient to set

2
8(=ei+9£=el+2‘pufii i=1...,96 (1.4)

=1
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where ¢;, \;;, T;; are the corresponding linear operators acting on @. Formulas of this
type are suitable for describing extremely diverse variants of deformation relations,
The following force facts are given:

Za Z].y k on g, Tov T1°1 ﬁlv on VIv
Soa Sl.v ﬂz on T; Nov Nloy Ba on ?;' 1‘/101 ﬁ4 on YI

Here Z,, P,° is the follower loading, k and B are the coefficients of elasticity of
the supports,

The geometric boundary-conditions are of the form

(@, n;> lvi‘ =/ (=1,2,3) G- =14 (1.5)

The shell may be part of a structure, so that in addition to the geometric and static
boundary conditions we must also consider the matching conditions. The ith geometric
and the ith static matching conditicins are specified on the set y: (i = 1, 2, 3, 4), The
plane measure of the sets y;, vi. ¥i (i = 1, 2, 3, 4) is equal to zero. Without limit-
ing generality we can assume that

nUnunt =T (i=1,2,3 4)

The equations of equilibrium of the shell in terms of forces and moments appear in
various papers and monographs [3] and need not be written out here, especially since they
are derivable from the the virtual work principle formulated in Sect, 4,

2. Ancillary assumptions. In addition to the usual spaces C (G), Ly (G),
p > 1, we shall also use [7] the Sobolev-Slobodetskii spaces W{’ (G) and W™’ (G)
(r is an integer),and V=W (G) x W) (G) X W (G). Moreover, we set

e =111 W85 a=\11Pd2  if] =I1h, ,
Norms in the spaces W and V are defined in a natural way.
Lemma 2.1. Letthe functions occurring in Egs. (1. 5) satisfy the condition

Y,

LeWHTPIaD, h=b=u=1 k=2 (i=1,..,4)
In this case there exists a vector function ©~ & V which satisfies (1. 5) and vanishes
near v; (the ith geometric matching condition),

The proof follows from continuation theorems [7] in self-evident fashion,
Let E be the closure of all vector functions @ smooth in G which satisfy homogeneous

geometric boundary conditions (1. 5), i.e. let it be the closure in norm of the space V.
Let us introduce the bilinear form

(r)
Wy ()

(
A, o) = (B, oMy b &®, §D) a6, (5>0,d6, = Mdrimdan)  (2.1)

It is clear that if 4 (w, ®) = 0,then e = 0 and § = 0. This means that e is the dis-
placement of the shell as a rigid whole,

Let M C E be a subspace, M == {0 : 4 (0, @) = 0}. Let us introduce the factor space
E* = E/ M. By definition,

Jo g+ = infj@|; (W EE 0o E* o E0)
There exists a unique "normal” representative @ * of the class of @ such that
lolgs =lo*|z 0* €0
The space E is Hilbertian, which means that E* is also Hilbertian,
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Lemma 2,2, (see [2]). There exists a constant m such that

me<lol,  veEET  (m>0)
2.2
Q=‘w.li "/"0'1), as /=w’1.1 w'zty ul)* uz*y a=G| T ( )
Here 1 is a piecewise-smooth contour from ¢ , and 1 <{ p < 0. Moreover, the relation
expressed by inequality (2. 2) is completely continuous, i.e, the boundedness of the set
{w} in E* implies compactness in the sense of the left sides of (2. 2).
Lemma 2,3 (in terms of [8]), For the elliptic problem

Lz, 80 u(zx)=/(2) (z€Q), Bz, 9/ u(@)lg= ()

we have the prior inequality

m m r
Q 0
Z Fujlp, 11e; < C( 2 I fibp, 1oy + 2 1015, l—cq—llp) (2.3)
j=1 i==] g=1
l>si l>cq
Prior estimate (2.3) forthecase ! —s5; > 0,1l —0,>0(i=1,...,mjq=1,.., 1)

appears in [8]; inequality (2. 3) was obtained on the basis of the relevant results of [8].
Bilinear form (2. 1) defines the scalar product and the norm in E*,

(0, aP)y= d@®, o),  jol}={(Be & +5ct, p)aG,
Lemma 2,4. There exist constants m, m, such that
mjofg. <[oly <mlolg.  (m, m>0) (2.4)

uniformly for all @ € E* |
The existence of my is proved in [2]. It remains for us to show that

m = inf, (o g o [54) >0, ©E B
Let m = (. In this case there exists a sequence {a)(")) such that
fo™ge=1, o™ |g—0, o™ - 0@ weakly in £*

Since @(® cannot be equal to zero [2], the existence of such a sequence together with
(1.1) and Lemma (2, 2) imply that

1a™ Jy 5.6 =0, a=e, (i=1,..,6) (2.5)
o' a™ 50, a=m*uwtw " w,®  b=G, (2.6)
“ g(in) “0, 2.6~ 0 (i_= 1, 2) (27)
Here &1, g correspond 5 the elliptic problem
- » - * 1 * dur* _
Ugna " U= Ay uy gt AUy = 82y on: |r

Expression (2. 7) and Lemma (2, 3) imply Item (a); Item (a), (2. 5), (2. 6), and (1.1)
imply Item (b) and Item (c) of the following statement:

a) Juf =0 (i=1,2), b) ' ™},—»0, c) 0™ |zg—0

Item (c) contradicts the condition || @™ ||z, = 1.
We denote the space E* with the norm || - |ig by H.
Lemma 2.5. Lemma 2,2 remains valid if £* is replaced by H throughout its

formulation,
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Let us introduce the sets 1,° C 7;* and 6,° C ¢ on which §; < 0 and &; < 0, respec-
tively, hold almost everywhere (i = 1, 2, 3). By Lemma 2, 4 there exist constants ¢;*
(i =1, ..., 6) such that

bt AR o< clol (=12 0f 41, ={111Pac,)

.
mes Ga° | Ad: || w* [P < es* @, [<o, np s > < sl 010

[w* P ee* o}y, a=2¢/(@—1) > 1

The discussion to follow rests on the following assumptions:
1) the linear operators ¥;j, Ty; (1.4) are completely continuous in H;
2) ® =0 if and only if § = 0;
3) if § == 0,then Py; =7;; =0 (i=1,...,6; j=1,2);
4) B& Lo (G), ATy, AT, = Ly (G), X, Y Zy, ky, k, =L, (G)

(P° 0, (P, n), B Ly (v (i =1,2), M°, Bie= Ly (14")
ks, Z&C*(G), N EC*(15"), Lo(ri ) LalTy:s
N°, By C* (15") (@>1)

5) there exist constants ¢; > ¢;* (i =1,. ., 6) such that
altk, Al o Fellk Al °+Cs|§’€a|l,( ot
19, Gy
+c “ By “0 7 Y: -+ Cs”Bz ||0_ + Ce H Bal' ( ) 1/2 (2-8)

8) the conditions of Lemma 2,1 are fulfilled,

References to these assumptions will be made in the form "(5) (2. 8)". Assumptions
(1) (2. 8) — (3) (2. 8) are fulfilled for most deformation relations, It is usually possible to
prove Lemma 2,4 by means of Lemma 2, 3,

If the shell is considered as part of a structure, then its contribution to the equation of
the virtual work principle is expressed by the functional

Ao+ 0, 0% = (@, 0" )+ Q" (@ 07)+Q’ (e 0"
e’ @, 0" =B E;+ ¢+, " +o™ "+ 9+
+¢Be, (¢ "+ q P —tle,+ 97+ 9 —bEE G,
Q@07 =—{ 1z, ~k@;+0) —Z:(n; + 0] 0> d6 , —
— <P+ Pl —B @+ a0 "y —
— (<Pt 0, vyt + (M B 0 avg D —
=M —pe+ ol Ca e=. b @9

2
=2 (‘p‘il.f tJ i;) a,f= VAN
=1

y =y ), y =y@")
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Here @ * is the virtual displacement under conditions (1. 5), We assume that the right
sides of formulas (2, 9) for A, ¢y, ¢z can be evaluated from the normal representatives
[2]; the asterisks have been omitted,

Lemma 2.6, Letassumptions (2.8) be fulfilled. In this case the following repre-
sentation is valid for all w, 0" € H

a) Qe 0")=— (Ko o )y
by Q@ e")=— (Km0, 0 )y
o A +0,07)=(0—Ke o), K=K,+ K,

Here K,, K5, K are completely continuous operators in H.

Similar statements are proved by the functional method in [2], so we need only con-
sider the distinctive features of the proof in the present case.

Let us consider the equation

P@y={<(Be, (€ + @~ + ) + Be, (@~ + 0 + V2 B (@~ +
+0) (¢~ + 0)> —t(e+ ¢~ +8) —1/ab (B, §] 4G
It is not difficult to prove the weak continuity of P (@) in H and the fact that

Q: (0, @") is the Giteaux differential of P (©). The subsequent statements of Item (a)
can be proved as in [2]. Item (b) can also be proved by the method of [2].

3, Proof of the basic inequality, Let usintroduce the additional sumbols

6
lalP= D llalla® [lglla=1lg Allo.2,6 a*=Ra, a =R

i=1
D (0)=A(0"+0,0), O*(R.0,)=R?P(0)=A" (0740, 0,) (|ollz=R)

Lemma 3,1. Letconditions (2. 8) be fulfilled. In this case there exist constants

Wy p such that O(0)>pR? Y H(’)HH =R>p (p.p>0) (4.1)
This can be proved by the method developed in [2]. The statements
T (R, @) > p vielg =1 (4.2)

are equivalent to (4.1).
It is clearly sufficient to prove that
lim @* (R, @) >0 as R— oo viejg=1 (4.3)
uniformly in o .
This implies the existence of the constant p and the validity of (4. 2) for sufficiently
large R, Oti-erwise there would exist a sequence {Rp,, @™} such that

Ot (R, 8™ ) 2 ¢ <0, Rp—oco as nm—oo (Jo™ 4=1 (4.4)
This contradicts (4, 3), which implies the sufficiency of (4. 3).

Let us suppose that (4, 3) does not hold, This means that (4,4) is valid, The functional
®* (R, ) is a fourth-degree polynomial in e with the leading term

Dot (R, @) = 2S <BO*,0*>dG

and if the sequence {|| 0;_," I} is not bounded, then ®* (R, ®™) = 4 oo and (4, 4) does
not hold, This implies that the sequence {ue;'mu} is bounded, since we assumned that
(4.4) holds; hence, |8, — 0 as n— o0, since Ry — 0,

Thus, the sequence
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lim|o} as m,n—oco

ml

has a limit; the limit over n for every fixed m also exists and is equal to zero, Recalling
the repeated limit theorem, we obtain
lim |8} ., = limp, lim, |65, n,m— co

By virtue of this fact there exists an n, (g) such that

O* (R, ) =0l +§ ck, 0™, a3 G, + B0’ ™, 0" Py + fum

(]fnm | <&, n, m) no)

Appealing to (5) (2. 8), we obtain
O (R, @) >0 [ —e,  mm>n (oM g=1)
This inequality clearly contradicts hypothesis (4, 4), which implies the validity of the
lemma,

4, Solvability of the problem on the equilibrium modes of an
arbitrary anfsotropic laminar shell, A shellsatisfying the conditions of
Sects, 1 and 2 will be called "regular”, We call a shell "piecewise-regular” if it can
be decomposed into a finite number of regular parts, Let o be the coordinate surface
of the shell and let ¢/ (k = 1, ..., N) be its regular part, Let us also decompose
the load action on the shell ¢ and the boundary conditions into parts corresponding to
otk),

We can carry out the construction as follows, We supply all the quantities occurring
in Sects, 1 — 3 with an additional index k. This will mean that the quantity so marked
cotresponds to the kth piece, The statements of Sects, 1 — 3 hold for the quantities
accompanied by the index k. This means that

N N
o= U a®, G={ G®, G®={ab), ai)}
k=1 k=1

N N 4 .
F“':(U F(k))\(U n ']’gk))v 7{-—"—'0 (l=1....,4)
k=1 k=11i==1

Let the expression
o= (m(l).. . ,ﬁ)(N))

mean that

=o® on G® (k=1,...,N)
and that the geometric matching conditions in terms of the quantities ®™ and @)
(r, m =1, ..., N) are fulfilled on 7&") n ?(im) (i =1, ..., 4) . Let us introduce
the direct product of spaces

N
H=1][ xH® (MW =M k=1,...,N)
k=1
where H®) is the space defined in Sect, 2,
The equilibrium condition for the shell can be expressed with the aid of the virtual
work principle by means of the equation p
Ao F+0,0%) = D AW (0 0 ok, @ ®) =0  (5.1)

k=1
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Definition 4,1, The "generalized solution" of the problem for a piecewise-
regular shell is a function @~ -+ @ (@ & H) which satisfies Eq, (5,1) for all @™ < H,
Lemma 4,1. Equation(5,1) is equivalent to the following operator equation in H;

Ao 4o, 0" )=(0—Ko,0")=0o o—Ko=0

where the completely continuous operator N

K= D) } K®
k=1
is the direct sum of the operators K®) acting in H(®, The proof follows from Lemma 2.6,
Lemma 4,2, For a piecewise-regular shell there exist positive constants Hy, p
such that

N
()= D) OV (0®) > uR?,  V|els=R>R, (5.2)

ke=t
By virtue of Lemma 3,1 there exist a pyand 2 p such that

REﬂ@(k)(m(K))>uk V““’(k)ffﬂ(k)"’*‘Rk}p k=1,...,N}
It is clear that

N
R7Q @) =3 (Ry/ R [OW @)/ R21> D) e (Rel BF +
k=1 Ry>o
+ 2 m—ve/rr (3 Re>R*—Np) (5.3)
Ry<e Rk>p

Expression (5, 3y implies that

R'?me:m»mfpawmwﬂvz pet @R D) —
K==1 Rk'(?

Hence, there exists an Ry > 0 such that

N
R0 @) >infime—e=p,  @/R|[N Fmt 3 @e—1)]

K2} Ry<e

<B, H>Ro

The statement has been proved,

The following statements follow from inequality (5.2) exactly as in [2].

Lemma 4,3, The rotation of the completely continuous field & — Ko on a
sphere § (R, 0) of sufficiently large radius R is equal to +1,

Theorem 4,1, If the shell is piecewise~regular, then there exists a generalized
solution of the problem in the sense of Definition 4.1 and {joll; << R,.

The above results enable us to investigate the differential properties of the sclution.

By virtue of the theorems of [3], Lermma 4, 3 guarantees the convergence of the Galer-
kin method and other projective methods,

The existence theorem of [2] for a closed cylindrical shell is readily obtainable from
Theorem 4,1, In this case it is sufficient to cut the shell into two regular pieces by a
diametric plane and to formulate the matching conditions at the cuts,

Theorem 4,1 remains valid if a different (linear, nonlinear) calculation theory is
applied over each piece,
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EQUATIONS OF PERTURBED MOTION OF A BODY
WITH A THIN-WALLED ELASTIC SHELL
PARTIALLY FILLED WITH A LIQUID

PMM Vol, 34, N3, 1970, pp,401-411

E, L. GRIGOLIUK and F, N, SHKLIARCHUK

d(Mosccmrg
{Received November 2, 1969)

Linear equations of perturbed motion of a thin-walled elastic shell partially filled with
a heavy compressible fluid considered in the acoustic approximation are derived; the
principal [force] vector and the principal moment of the reactions exerted by the shell
on the "carmrying body" are determined, Perturbed motion with small vibrations is char-
acterized by the displacement of a certain point attached to the rigid shell fastening
contour, by rotation relative to this point, and by elastic displacements expressed as an
expansion in the proper vibration modes of the fastened fluid-containing shell., The
natural frequencies and vibration modes of a fluid-containing shell are determined by
means of a variational principle,

Allowance for the compressibility of the fluid makes it possible to consider vibrations
in the acoustic frequency spectrum. Moreover, calculations show that it may be neces-
sary to make allowance for it in calculating the lower frequencies of the elastic vibra-
tions of the shell, e, g, of the axisymmetric vibrations of relatively thick shells of revo-
lution, Allowance for gravity is necessary in considering vibrations in the frequency
spectrum of gravitational surface waves and vibrations of flexible fluid-containing shells,



